SCHUR DUALITY IN THE TOROIDAL SETTING 



M.Varagnolo , E.Vasserot 2 

The classical Frobenius-Schur duality gives a correspondence between finite dimensional 
representations of the symmetric and the linear groups. The goal of the present paper is to extend 
this construction to the quantum toroidal setup with only elementary (algebraic) methods. This 
work can be seen as a continuation of [J], [Dl] and [C2] (see also [CP] and [GRV]) where the 
cases of the quantum groups XJ q (si (n)), Y (si (n)) (the Yangian) and U 9 (si (n)) are given. In the 
toroidal setting the two algebras involved are a deformation of Cherednik's double afhne Hecke 
algebra introduced in [CI] and the quantum toroidal group, as given in [GKV]. Indeed, one should 
keep in mind the geometrical construction in [GRV] and [GKV] in terms of equivariant K-theory 
of some flag manifolds. A similar K-theoretic construction of Cherednik's algebra has motivated 
the present work. At last, we would like to lay emphasis on the fact that, contrary to [J], [Dl] 
and [C2], the representations involved in our duality are infinite dimensional. Of course, in the 
classical case, i.e. q = 1, a similar duality holds between the toroidal Lie algebra and the toroidal 
version of the symmetric group. 

1. Definition of the toroidal Hecke algebra. 

For any non-negative integer k set 

[k] = {0,1,2,. ..,k} and [k] * = [k] \ {0}. 
1.1. Definition. The toroidal Hecke algebra of type jj[(Z), H^,, is the unital associative algebra 

. „r ±1 ±1 ±1, 

over A = L[x , y , q J with generators 

xf, yJ\ *e[Z-i] x , je[lf 

and the following relations : 

Ti • T7 1 = T7 1 ■ T j; = 1, (Ti + 1) • (Ti - q) = 0, 

Trpi rri r~r\ rr\ rr\ 

i ■ J-i+1 • -Li — J-i+1 ' -Li ' J-i+lj 

Ti • Tj = Tj • Ti if \i - j\ > 1, 

Dipartimento di Matematica, via della Ricerca Scientifica. 00133 Roma, Italy, varagnolo@vax.mat.utovrm.it 
Ecole Normale Superieure, 45, rue d'Ulm, 75005 Paris, France, vasserot@dmi.ens.fr 



1 



Xo • Yi — x • Yi • Xo, Xj • Xj — Xj • Xj, Yi ■ Yj — Yj ■ Yj, 
X, 1', I , X,. Yj • Tj = Tj • Yj , ifjVi.i + l 

2 -1 -1 -2 

Ti • Xj • T ? = q • X^+i, Tj • Yj • T f = q • Y^+i, 
Xa-Yj 1 -X 2 _1 ■Y 1 =q" 2 .yT 2 1 , 

where X = Xi • X 2 • • • X; . 

1.2. Remarks, (i) When x is taken to be 1 the toroidal Hcckc algebra is nothing but the double 
affine Hecke algebra introduced by Cherednik (see [CI]). 

(ii) Note that the map Tj i— > T i 1 , Xj Yj, Yj i— ► Xj, x i— > x 1 , y i— > y 1 , q h q 
extends to an automorphism, S, of over C. 

1.3. Given 1 < i < j < I set T 4 . = Tj • Tj+i • • • Tj and T. , = Tj • Tj_i • • • Tj. Then, put 
Q = Xi ■ T , £ ll A . Clearly, Tj* 1 , Y.t 1 , Q* 1 (i e [Z-1]*, j G [Z]*) is a system of 

x -1 -1 

generators of H^. Besides, for any i e [Z — 1] a direct computation gives Q • Yj • Q = y • Yj + i, 
and Q • Y; • Q = x • y 1 • Yi. Indeed we have (see [CI]) 

Proposition. The toroidal Hecke algebra H A admits an equivalent presentation in terms of 
generators 

Tj* 1 , Y*\ Q* 1 , ie{l-l}\ je[l}\ 

with relations : 

Tj • T" = T" • Tj = 1, (Tj + 1) • (Ti - q) = 0, 

i ■ J-i+1 • -Li — -Lj+1 • -Lj ' -Lj+1, 

Tj-Tj=Tj-Tj if |i-j|>l, 
Y^ ■ Yj Yj • Yj, T^ • Y^ • Tj — q • Y^_|_i, 
Yj-Tj = Tj-Yj, it j ••/.; • 1 
Q-T,_! -Q _1 =T, (l<i<i-l), Q a -T,_i-Q" a =Ti, 
Q-Yi-GT 1 =y _1 .Y i+ i (1<*</-1), Q-Y r Q _1 = x • y" 1 - Yj. 

• (1) • (2) " ±1 ±1 ±1 ±1 

1.4. Let C be the subalgebras generated respectively by T ? , Yj and Tj , Xj 

X X * (1) * (2) 

(j 6 [I - 1] , j G [Z] ). Thus, and are isomorphic to the affine Hecke algebra over A of 
type fll(Z), simply denoted H^,. 

±1 x 

1.5. Let H A C H^, be the subalgcbra generated by Tj (i G [I — 1] ). Thus, H A is the Hcckc 
algebra over A of finite type g[ (Z). 

1.6. Given complex numbers q, x, y 6 C x , let M x y q C .4 be the maximal ideal generated by q — q, 
x — x and y — y. Then, put C x = A/ M. xyq and 

H = H , ® , C , H = H , ® , C 
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• (1) • (1) • (2) • (2) 

H = H ® , C , H =H\®,C 



2. Definition of the toroidal quantum group. 



2.1. Definition. The toroidal quantum group of type sl(n + 1), U e , is the unital associative 
algebra over B = C[c , d , q ] with generators 



■ Z , 



e i,k, fj,fe) k^.o? i G fc G Z. 

Tie relations are expressed in term of the formal series 

e i( z ) = ^2 e i,k ■ z fi( z ) = XX fc ■ Z {z) = + ^2 ki ' ±l 

feez feez ign 

as follows 



(2.1.1) k- • ki i0 = k,, • k- = 1, [k, (z), (w)} = 0, 

(2.1.2) aij (c 2 d^ ■ z/w) ■ k+ (z) ■ kT («;) = Oi , (cV w ■ z/ W ) • kT (w) ■ k+ (z), 

(2.1.3) kt(z) • e» - OM (c ±1 d mw • z/w) ■ e,H • k*(z), 

(2.1.4) k*(z) • f,H = 0_ Oi .(c T1 d mw • z/w) • f,H • k*(z), 

(2.1.5) (q- q y )\ei{z),fj{w)\ = [6(c 2 ■ z/w) • k 4 + (c • w) - 6(c ■ z/w) ■ k t (c • z) ) , 



(2.1.6) Bi(z) ■ ej(w) = atj (d %3 z/w) ■ ej(w) ■ e 4 (z), 

(2.1.7) fi(z) ■ fj(w) = 6- aij (d mij z/w) ■ fj(w) ■ fi(z), 

(2.1.8) {(e,(zj • e t (z 2 ) ■ ej(w) - (q + q *) ■ e 4 (zj • e 3 (w) ■ e,(z 2 ) + e^w) ■ e;(zj ■ e t (z 2 )}+ 

+{z 1 ~z a } = 0, if \i-j\ = l, 

(2.1.9) {f 4 (zj • f 4 (z 2 ) ■ fj( W ) - (q + q" 1 ) • U{z x ) ■ fj(w) ■ f t (z 2 ) + f» • f 4 (zj • f 4 (z 2 )}+ 

+{ Zl ~z 3 } = 0, if |i-j| = l, 



where 8(z) = J2 
matrices 



(z) = and a 



are the entries of the following [n] x [n]- 
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2.2. Remark. Note that, given a G C x , the map e^fe i— » a ej+i^, f^fe i— ► a f»+i,fe, kj^ i— > 
a* k i+ i jfe e„ !fe i ^ a L e ,fe, f n ,k ^ flL fo.fe, k n,fc i-> a 1 k ,fe (ie[n-l],te Z), extends to an 
automorphism, \I> a , of the S-algebra U e . 

* (1) * (2) ** —1 X 

2.3. Let U B , U B C U B be the subalgebras generated respectively by e^k, fi,k, ^i,k, kj (i G [n] , 
fcgZ), and = e^o, fi = fj,o, kj 1 = k^ g (i G [n]). The relations involving the Fourier coefficients 

— i —i ± — i ' X 

of ei(zd ), fi(zd ) and k ; (zd ) (i G [n] ) are precisely the relations in Drinfeld's "new 
presentation" of the affine quantum group of type sl(n + 1) (sec [Dl]). In another hand the 
relations involving e*, fi and k 4 are the quantum analogue of the Kac-Moody relations of type 
A n '. ThusU B andU B ' are both isomorphic to the affine quantum group of type si (n+ 1), simply 
denoted by U B (see [B]). 

±1 X 

2.4. Let U B C U B be the subalgebra generated by e i; f i7 k^ (i G [n] ). Then U B is the quantum 
enveloping algebra of si (n + 1). 

2.5. Given complex numbers c, c£, q G C x let A/" c d cBbe the maximal ideal generated by c — c, 
d - d, q - q. Then, put C c d q = BjM c A q and 



U = U B ® E 



u (i) =u> B c_, 

We say that a U-module M is integrable if 



U = U B ® B 



M 



M 



where M 



,A„) 



{m G M | ki • m = q 1 m, Vi G [n]} 



M 



and the e^fc's and fife's are locally nilpotent on M. Moreover, a U-module is said to have trivial 
central charge if its restrictions both to U 1 and U 2 have (in particular, c = 1). 

2.6. Fix q G C x , and suppose that I < n. Following [CP, 2.5], a U-module is said to be of level I 
if its irreducible components are isomorphic to irreducible components of V . Then a U-module 
or a U-module is said to be of level I if it is of level I as a U-modulc. 



3. Definition of the duality functor. 
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Fix c, rf,i,g£ C x and set y = 1. 

3.1. Let V be the fundamental representation of U. It has a basis \v. 1 on which the action 
of ej, fi, ki (i G [n] ) is the following 

ei(v r ) = 5 r , i+ i fi(u r ) = 5r,»u r+ i' k *( w r) = g 5i ' r_ * <+1,r V 

Then, V®' is a left U-module for the induced action given by the following coproduct 

A(e t ) = e 4 ®k 4 + 1(8) ej, A(f 4 ) = f f (g)l + k^ 1 ® f,, A(k,)=k J ®k J . 

This action commutes with the left H-action given by T, = 1** ^Tigil*' * \ where T G End V* 2 
verifies 

{<Z u r ®u s if r = s, 

qv s <giv r if r < s, 

qv s (giv r + (q —l)v r ®v e if r > s. 

3.2. For any « G [n + l] x define to be the automorphism of the algebra U given on the Kac- 
Moody generators by the formula 

tj(e0 = -f,.k i; t{( ej ) - ^(-l)'" '^"'^" 00 " -e,- -ef j), 
t{(fi) = -k: 1 • e i5 t^f,) = 2(-l)- a Vlf • f, • f-" aW " S> (i * j), 

s=0 

*i( k j) = k »,(j)' 

where e i , are the usual quantum divided powers (see [LI, 3.1.1]) and s, G 6 n +i is the 
transposition 1). Let M' be an integrable U-module. Set t" G Aut c (M') (i G [n + l] x ) to 

be the braid operator defined by 

ti(m)= 2^ (-1) g e 4 • • e, -to, 

r — s+t= — /c 

where m' G M' and fc G N are such that kj • m' = q m' (see [LI, 5.2.1 and 5.2.3]). We have (see 
[LI, chapters 5 and 37]) 

(3.2.1) Vto'gM', VwgU, t'!(u-m')=t' i (v,)-t'?(m'). 

Similarly, denote by r the automorphism of the affine Dynkin diagram ' (with vertices indexed 
by 1, . . . , n, n + 1) given by r(i) = i + 1 (i G [n] ), r(n+ 1) = 1. Let r' be the automorphism of the 
algebra U given, in terms of its Kac-Moody generators e,, fi, k^, (i G [n + 1] ), by the following 
rule 

r'(ei) = e T(i) , r'(fi) = f r(i) , r'(k,) = k T(i) . 
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Put t' Ul = t' o t' n o t^_! o • • • o ti G Aut(U). Take a right H-module M. In particular, M is a right 
H-module and we can consider the dual left U-module M® H V 8 \ This module is endowed with a 
structure of left U-module such that for any m £ M and v £ V®' (see [CP]) 

i i 
e n+ i(mm) =Y2 m ' Y j ® f <u( v )' f n +i(m<8>v) = ^m- Y^- <8> e e 3 . (v) , 

k n+ i(m®v) = m® (k^)® (v), 
where e e , f e , k e £ End c (V) are defined by means of 

e fl • V r = <5„ l+ i Vl, fg-V r =S r> lV n+ l, k ff ■ V r = q Sl ' r ~ Sn + 1 ' r V r , 

and f ej =1 ® f e ® (k e ) , e e = k e ® e„®l . Until the end of section 3.2 take M' = 
M® H V 8 '. Define r" £ Aut(M') such that 

T"(m®Vj) = m-Y 1 " +1 ' 31 • Y 2 " +1 '" 2 • • • Y," +1 ' Ji ®Wj 1+ i®v,- 2+ i® • • • ®v, ! +i 

where v n+ 2 stands for vi and j = is an Z-tuple of integers in [n + 1] x . A direct compu- 

tation gives 

(3.2.2) Vm'eM', Vu £ U, t"(u ■ m') = t'(u) ■ r"(m'). 

Put = t" o t' r [ o t^_! o ■ • • o t'{ £ Aut(M'). As a consequence of (3.2.1) and (3.2.2), 

(3.2.3) Vm'eM', Vu £ U, t^(u • m') = <,» • t^(m'). 
Example. If Z = 1 we find 

(3.2.4) t'l{m®v 3 ) = {-l) 5i+1 ' j q iS m®v Si(j) i e [n]* , j£[n + lf, 

(3.2.5) C(m®t;j) = -m • (- g B Yi) 4lJ ®^-. 
For any Z-tuple j £ ([n + 1] * )' set vj = ® • • • 0^. . 

Lemma. Let j be non decreasing, and set Yi )S = Yi • Y 2 • • • Y s , with j 1 (1) =]0, s]. Then 

d( m ® v j) = {-l) l+S q nS m ■ Y l s ®Vj. 

Proof. From [LI, 5.3.4], for all integrable U-modules Ni,N 2 and for all n\ £ Yi,n 2 £ N 2 

(3.2.6) e 4 (m)®f 4 (n 2 ) = t{'(ni®n 2 ) = t^'(ni)®tf(n 2 ) 

(note that Lusztig uses the opposite coproduct in [LI]). Put ji = . . . and for any 

permutation a £ & n +i, set = {o~{ji), ■ • • > a (jl))- We first compute o t"„ x o • • • o t". Note 
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that t£ o t"_! o • • • o t"(m®Vj) = m®t^ o t^_ x o • • • o t"(vj). We have ei(vjj ^ if and only if 
ji (2) ^ and fi(wj, ) ^ if and only if jt = 1. Since j is non decreasing, using (3.2.6) and (3.2.4) 
we find 

ti'(vj) = t'/^J^t'/K) = • • • = (g)t'>,J = (-l) a2 rv Sl(j) , 

fc=i 

where (Xj is the cardinality of j (i). Suppose that 

tfcO"-ot 1 (yj) = (-1) g v Sfc ... Sl(j) . 

Now e fe+ i(v Sfc ... Sl (j 1 ))®f fe+ i(w s;s ... Sl ( ji )) ^ if and only if (s fc • --SiQi)) '(fe + 2) ^ and = 1, 
that is if and only if ji (k + 2) 7^ and = 1. Since j is non decreasing, using (3.2.6) and (3.2.4) 
we get the same formula as above for tj£ +1 o • ■ ■ o t'/(vj). Then, finally 

< o • • • o t"(m®Vj) = (-l)'" s g ns m®w. i _ 1 ® • • • ®^ ! _ 1 , 

where v stands for v n+1 . Applying t" we find the result. □ 

3.3. Take now a right H (1) -module M and consider its dual left U (1) -module M® H V®\ Since 
U ' ~ U (see 2.3) we can use all the constructions of the section 3.2 for the U -module M® V . 
In particular, the formulas for e n +i, f„+i and k n+ i write as follows 

1 1 
e n+1 {m®\) = d ^m-Yj ®f M (v), f n+ i(m®v) = m • Y 3 ® e e (v), 

k„ + i(m®v) = m® (k e 1 )' 8 (v). 
The U (1) -module structure on M® H V 8 ' is given in terms of Drinfeld generators by (see [GRV]) : 

Theorem. If j is non decreasing and i G [n] x we have 

t-i 

e,(z)(m®Vj) = q * s m-(l+ ^ T fes+1 ) • '/zY s+1 )® Vj - +i , 

fe=s+l 
s-1 

f 4 (z)(m(g)Vj) =g 1_S+r m-(l+ ^ T fc ,=-i W(<?" +1 ^ zY s)® v j+' 



fe=r+l 



k 2 (z)(m®vj) = m • J| 9 1 (q n % <£zY k ) ■ \ \ d^q V,zY fc )®Vj 

jk=i jk=i+l 



where ]r,s]=j ]s,t]=j + 



if rHt + i) 



_ j s+ i = (ii, ■ • -,js,i,js+2, ■ ■ ■ ,3i) else, 

v. + =o if j- 1 (i) = ®, 



J 

it = Ui, ■ ■ .,j s -i,i+ 1, j s +i, • • ■ ,j;) eise, 
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and 9^ stands for the Taylor expansion of 9 m respectively at oo and 0. 

Proof. Let us prove the formula involving e iy h- We know that ei^ = (— d) (ei) (see [B, 4.6] 

and 2.3). So (3.2.3) gives 

(3.3.1) ei )h o t^ 1 ' l (m(g)Vj) = (-d) "t^" o ei(m®Vj). 

First of all note that formulas in section 3.1 give (with j 1 (1) =]0, s] and j 1 (2) =]s, t]) 

t-i 

1-t + s 



ei(m®yj) = q " "m • (1 + ^ T *,.+i)® v j,- +1 - 



fe=s+l 

We have 

t-i 

C e i (™® v j) = <t~* + 'C x h o (1 + ^ T feiS+1 ) (m® Vj - +i ) = 



fc=s+l 

t-1 



k=s+l 

since T, and t" x commute. Thus, using lemma 3.2, the right hand side of (3.3.1) is 



t-i 



h(.+ l + l) -h l-t+»-h(« + l)n ^— n -h 

(-i) (-d) q (i+ X] T ^ + i)( m - Y llS+1 ® v j s - +1 )- 

fc=s+l 

A similar computation for the left hand side of (3.3.1) gives 

(-1) q ei.fc^m- Y i s ®Vj) = (-1) q Y 1 s • ei,/, (m<8>yj), 

since Y, commutes to ei^. Now Y, commutes also with T fc s+1 if i e [s]*. Thus we finally obtain 

t-i 

e 1 ,, l (m®v j ) = cfY" t+s "' ,n (l+ X T *,a +1 )- Y s +i(™® v j s - +1 )- 

fc=s+l 

For the other cases we proceed in a similar way. Namely, since the i-th fundamental weight uji 
verifies = t -(s„-s„_i ••• s\) , define t^. = t'" o^ot^o- • -ot")' . Then e hh = (-d) * t^. (ej). 
□ 

Remark. The relations (2.1.3) give in particular 

ei • k 2 ,i - gk 2 ,i ■ ei = (q - q *)c 1 d 1 e 1> i ■ k 2 . 
Moreover, for any non-decreasing /-tuple j one gets 

k,(m ® Vj) = q m ® vj , 
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ki,i(m(8)Vj) = g (1 - q )d m-(q }^ Y k ~ 1 2^ Y * )® V J> 

Thus, the evaluation of the above formula on a non-zero vector of type m ® wi ® «2 ® • • • <8> gives 
c = 1. In other words, on the dual module M(g> H V the central element c is trivial, even if M is 
not finite dimensional. 

3.4. In the two next sections set c = 1 and take a right H-module M. In particular M is a right 
H ( '-module and thus M® H V 8 is endowed with a U ( '-module structure. Let ip : M® H V 8 — ► 
M(g) H V 8i be the linear map defined for any i-tuple j = (ji, j2, an d any m G M by 

iP(m (8> vj) = m • X x n+1,J1 • X 2 n+1,J2 • • • X ; n+1 ' 3 ' ® ® w 1+j2 ® • • • <g> 

where w n+2 stands for v 1 . 

Proposition. Given i G [n] \ {0, 1}, we have the following identities in End(M® H V 8> ) 

ip o ei(z) o tp = ei-\(q dz), ip oei(xz)o-0 = e n (q d z), 

ip 1 ofi{z) oi[> = fi-i(q X dz), ip 2 o f^xz) o -0 2 = f n (q n 1 d 1 "z), 

V> o kj(^) o ^ = kj_i(g dz), r/i o1ci(k) —k n (q" d z). 

In order to prove this proposition we need the following 

Lemma. For any 1 < i < j < I put Q . = Xj ■ T. G . Then, ifi<r< j and i < t < j 
Q • Y r • Q = y • V, .,. Q • T t _! • Q : = T t . 

Proof. We prove the first equality, the second being similar. First, suppose that i = 1 and use a 
decreasing induction on j. If j = I — 1 we get the relation Q • Y r • Q = y • Y r+ i. Take r such 
that 1 < r < j — 1, then r < j and by induction we get 

Since r ^ j, j + 1, we have Tj ■ Y r = Y r ■ Tj and we are done. 

Fix now j and make induction on i, the case i = 1 being proved before. Consider i + 1 < r < j. 
Then i < r and by induction we have 

Xi-Tf T i+1 , . • Y r • T"^ . • T" • X: 1 = y" 1 • Y r+1 . 

Now X, • T, = q 2 %' • Xi+i, then we find 

T- 1 • (X i+1 • T i+1 , . • Y r • . • X i+1 ) • Ti - y" 1 • Y r+1 , 

i.e., 

Q M -V, -Q . y 4 I < • V,. . : • T, \ 
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Since l + r^i,j + l we have Tj • Y r+ i = Y r +i • Tj and we are through. □ 

Proof of the proposition. We prove the relation involving e^. Suppose first that i ^ 0,1. Take a 
non decreasing /-tuple j. Put 

j _1 (i-l)=]r,s], f\i) =]a,t], f\n+l)=]p,l], 

h = (ii + l,j2 + l,...,jp + 1,1, h = (1, ji + l,j2 + l,...,j'p + 1). 

Thus j 2 _1 («) =]i-p + r,/-p+s] and j 2 _1 (i + l) =]i - p + «,/ - p + t]. Set R p = q iP ~ l)r T pl ■ 
T p+1 , 2 ---T,_ M _ p . Then 

ei(2:)o^(m<8)Vj) = e i (z)(m-X p + 1 • X p + 2 • ■ -X, WjJ = e 4 (z)(m • • X p + 2 • • • X, 1 -R p ®v j2 ) = 

l-p+t-i 

= q t+3 m-X p l 1 ---X l 1 -R p -(1+ ^ T M _ p+s+1 ) -<% n+1 'rf 2;Y ; _ p+;s+ i)®Vj3, 

fe=;-p+s+i 

where j 3 = (j 2 );__ p+s+ i- On the other side 

ipoei-!(q 1 dz)(m(g)Vj) = ip( q 1 t+ ° m ■ (1 + ^ T fc s+1 ) • zY s+ i®v j;+i ) J = 

t-1 

Now, R p • X/ • X ; _i • • • X p+ i = q P p , where P p = Q,_ PjI _! • ■ ■ Q 2 , p+1 • Q liP - Thus the relation 
follows from 

t-1 l-p+t-i 
P p .(l + ^T M+1 ).i(Y s+1 ).p;=(H E T M _ p+s+1 ).<5(Y ; _ p+s+1 ), 

fc=s+l k=l-p+s+l 

which is a consequence of preceding lemma (note that 1 < s + 1 < p and < k < p — 1 for any 
ke]s,t[). 

Suppose now that i = 1. Set 

j '(n) =]r,s], j '(n + 1) =]s,Z], 

ji = (1, . . . , 1, 2, . . . , 2, ji + 2, . . . ,j r + 2), ji" 1 (1) =]0, s - r], ji"' (2) =]a - r, Z - r], 

j 2 = (1 1,2 2,ji +2,...,j r + 2), j 2 _1 (l) =]0,*-r + l], j2 _1 (2) =]s - r + 1,1 - r], 

h = (ji,-- -,j r ,n,. ..,n,n+ 1, . ..,n+ 1), j 3 V) =] r > s + !]) Js *(n + 1) =]s + 1,Z], 
j 4 = (.n + 2, . . . , j r + 2, 1, . . . , 1, 2, . . . , 2), U 1 (1) =}r, 5 + 1], j 4 ' (2) =}s + 1,1}. 
Then 

ei(xz)o-i/; (m®Vj) = ei(xz)(m • X r+1 • • • X ; ■R r ®Vj 1 ) = 
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l-r-1 

= q~ l+3 m-X; 1 +1 ---X; 1 •R r -(1+ ^ T *,s-r+i) ' %"^Y s _ r+1 )®v j2 . 

fc— s — r+1 

In another hand, 

i/. 2 oe„(g" Y "z)(m®Vj) = ^f? 1 '^m • (1 + 51 T *,=+i ) ' 5 (9"^Y s+ i)(g)Vj 3 J 

^ k=s+l ' 

l-l 

= q~ l+e m-(l+ T k ,s +1 )-$(<i n dzY s+1 )-X; 1 +1 ---X; 1 ®v u = 



k=s+l 
l-l 



= q "m-(l + T *.. + i)-% n ^ Y -+l)- 3 C+l"-Xr -Rr®Vj 2 . 

fc=s+l 

Thus it suffices to prove that 

l-l l-r-l 

(3.4.1) P r .(l+ Yl T,,. +1 )-<5(Y B+ i).p; 1 =(1+ J] T fc!S _ r+1 )-5( a; Y s _ r+1 ). 

fc— s+l fc= s — r+1 

Formula (3.4.1) follows from 

Lemma. For any r < I set P r = Q,_ r - ■ ■ Q 2 r+1 ■ Qi jt . € H A . Then, if r < s + 1 and r < k < I, 

P r ■ Y s+1 • P; 1 = x • y" • Y a _ r+ i, P r • T k • P,: 1 = Tk-r- 
Proof. By definition of P r one gets 

-1 2r(!-r) 

Xo • P r = q Xi • X2 • • • X r • T r l • T r+12 • • • T;_ l i _ r . 

2r(r— I) — 1 — 1 — 1 

Then a direct computation gives P r = q Q i ; _ r ■ Q 2 j • • • Q r i _ i ■ X , and the result follows 
from the preceding lemma. □ 

3.5. Take e (z), f (z), k (z) E End(M® H V 8 ' )[[/']] such that 

e Q (z) = tp oex(qd z)oip, f (z)=ip of 1 (qd z)oip, k (z) = ip ok 1 (g r d z)oip. 
The operators are thus defined in such a way that if i E [n] and x = d 1 q" +1 , 
(3.5.1) V 1 ei(z) o ^) = e,_i(q Y), V ' f i( z ) V> = f»-i(g 1 dz), 

i[> 1 ok^z) o V = k^ifa "dz), 
where e_i(z), f-i(z) and k* 1 (z) stand for e n (z), f n (^) an d k*(z). 

Remark. Let e e ,f e ,k e E End c (V) and f gj ,e $J be defined as in 3.2. A direct computation gives, 
for any v E V*' and m E M, 

1 1 
e o (m0v) = m ■ X 3 -0 f e . (v), f (m®v) = • Xj ®e 9 j .(v), 
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k (m<g)v) = m® (k 9 )® (v). 
In particular k • ki • • • k„(m®v) = m®v. 
The main result of this section is the following theorem : 

Theorem. Suppose that x = d 1 q n+1 and c = y = 1. Then for any right H-modufe M, the 
preceding formulas give a left integrable U -module structure on M<g) H V . Moreover M<g> H V 
has trivial central charge. 

Proof. By construction, the formulas for e i (z),fi(z),'kf(z) G End(M® H V' 8 ")[[2 ±1 ]], i G [n]*, 
written in theorem 3.3 give a representation of TJ ( . In order to verify all the relations 2.1, just 
notice that it's sufficient to verify the relations involving the generators ^ _ 1 (ej(z)), & _ 1 (fi(-z)) 

and _ (kf (z)) of the subalgebras H! _ (U* ') for k = 1,2, ...,n (see remark 2.2). But from 

gd qd 

(3.5.1) these generators are equal respectively to ip k oei{z)oip \ tp k oi i (z)o^p k and ip k ok^ (z)otp 
(i e [n + 1] ). Thus we are done. The integrability of M® H V follows from the intcgrability of 
the U-modulc V. For the central charge see remarks 3.3 and 3.5. 

□ 

4. Definition of an inverse functor. 

Fix c, d, q £ C x , I, n G N, and set y = 1. 

4.1. Remarks, (i) Suppose that q is not a root of unity. Then H-modules and integrable U- 
modules are direct sums of finite dimensional modules (see [LI, 6.3.6] for the U-case). Thus, if 
I < n, the Schur duality in the finite case (see [J]) gives indeed an equivalence between the category 
of H-modules and the category of integrable U-modules of level I. 

(ii) Similarly, if q is not a root of unity and I < n, the affine Schur duality gives indeed an 
equivalence between the category of H-modulcs and the category of integrable U-module with 
trivial central charge and level I. 

4.2. Theorem. Suppose that x = d 1 <z" +1 , c = y = 1, l + l < n and q is not a root of unity. 
Let M' be an integrable TJ -module with trivial central charge and level I. Then there exists a 
il-module, M, such that M' ~ M® H V®' as U -modules. 

Proof. Given i = 1,2, the restriction of M' to U W is integrable with trivial central charge and 
level I. Thus, by affine Schur duality (see remark 4.1 (ii)) one gets an H* '-module, M ( ' , such that 
M' ~ M <l) ® H V 8! as U W -modules. Moreover, the M W are isomorphic as H-modules. So just 
denote them by M. By construction the action of e , fo, k is as in remark 3.5 and the formulas in 

• (2) 

theorem 3.3 are valid, where the action of Xj,Yj G H on M is given by the H -module and the 
H ( '-module structure of M. In order to prove that these actions extend to a H- module structure 
it's sufficient to verify that for any m G M, 

(4.2.1) m ■ Q • Yi • Q _1 = m ■ Y 2 and m • Q • Y; • Q _1 =xm-Y 1 
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where Q = Xi ■ T l l _ 1 (see 1.3). But M Mtg^V 8 " is an equivalence from the category of H- 
modules to the category of integrable U-modules of level Z (since q is not a root of unity, see 4.1). 

® i ® Z ® Z ® i 

Thus, if v G V is a generator of V , i.e. V = U • v, the map M B to i— > m(g)v € M(g) H V is 
injective for any H-module M. 

(i) Set v = <g>u 2 <g> ■ ■ ■ (gw, and w = t> 2 ®u 3 ■ ■ ■ (gw, <8>u n+1 . Then, 

eo(m®v) = g m • Q(S>w. 

Since w is a generator of V the first relation in (4.2.1) follows from e • k 2 (z) = k 2 (z) • e , which 
gives 

± n 2 ± 

e (m ■ 6 1 (q d 2Y 2 )<8)v) = k 2 (z) • (to • Xi®?; n+1 ®?; 2 <8> • • • <8w,), 

i.e., 

1 — ( zb rc 2 1 — i zb n 2 

g m • 6 1 (q d zY 2 ) • Q®w = q m • Q • 9 1 (q d zYi)®w. 

(ii) Set v = v 1 ®v 3 ®v 4 <g> • • • <8w, +1 and w = u 3 ®t> 4 <8> ■ ■ ■ <Sw i+1 <8w n+1 - Suppose now that n > Z + 1. 
Relations (2.1.3) give 

d 1 (e • ki _i - q ■ eo) • ki = (g 1 - q)eo,-i = d(e a ■ k n _i - g 'k^-i • e ) • k„. 

When evaluated on to<£>v it writes 

cZ 'eo • ki ; _i • ki(TO®v) = -q 'cZk^-i • eo ■ k n (m<g>v), 

i.e., 

d m ■ Q -Yii^w ~ q m ■ Y\ ■ Q®w. 
Thus, since w is a generator of V, we get the second relation in (4.2.1). □ 

5. Conclusion. 

Using the theorems 3.5 and 4.2 we get the duality theorem : 

Theorem. Suppose that q is not a root of unity, x = d 1 q" +± , c = y = 1 and I + 1 < n. Then 
the functor M i— » M<8) H V 8 ' is an equivalence between the category of right tl-modules and the 
category of left integrable U -modules with trivial central charge and level I. 

Remark. By duality, since H admits finite dimensional representations if and only if x = 1, the 
toroidal quantum group U admits finite dimensional representations if and only if d" +± = g" +1 . 
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